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Abstract
The upper (mixed) domination Ramsey number u(m,n)(v(m,n)) is
the smallest integer p such that every 2-coloring of the edges ofKp with
color red and blue, Γ(B) ≥ m or Γ(R) ≥ n (β(R) ≥ n); where B and
R is the subgraph of Kp induced by blue and red edges, respectively;
Γ(G) is the maximum cardinality of a minimal dominating set of a
graph G.
First, we prove that v(3, n) = t(3, n) where t(m,n) is the mixed
irredundant Ramsey number i.e. the smallest integer p such that in
every two-coloring (R,B) of the edges of Kp, IR(B) ≥ m or β(R) ≥ n
(IR(G) is the maximum cardinality of an irredundant set of G). To
achieve this result we use a characterization of the upper domination
perfect graphs in terms of forbidden induced subgraphs. By the equal-
ity we determine two previously unknown Ramsey numbers, namely
v(3, 7) = 18 and v(3, 8) = 22.
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In addition, we solve other four remaining open cases from Burger’s
et. al. article, which listed all nonclassical Ramsey numbers. We find
that u(3, 7) = w(7, 3) = 18, u(3, 8) = w(8, 3) = 21, where w(m,n)
is the irredundant-domination Ramsey number introduced by Burger
and Van Vuuren in 2011.
1 Introduction
For notation and graph theory terminology and definition we in general fol-
low [4]. The independence number of G, denoted by β(G), is the maximum
cardinality among the independent sets of vertices of G. The upper domina-
tion number of G, denoted by Γ(G), is the maximum cardinality of a minimal
dominating set of G, while the upper irredundance number of G, denoted by
IR(G), is the maximum cardinality of an irredundant set of G.
Hence the parameters β, Γ, and IR are related by the following inequality
chain, which was first noted by Cockayne and Hedetniemi [5] and has received
considerable attention in the literature.
Theorem 1 ([5]) For every graph G, β(G) ≤ Γ(G) ≤ IR(G).
Several hereditary classes of ’perfect’ graphs have been defined and stud-
ied using the classical domination parameters. A graph G is called upper
domination perfect (Γ-perfect) if β(H) = Γ(H), for every induced subgraph
H of G. In [6], Gutin and Zverovich gave a characterization of the upper
domination perfect graphs in terms of forbidden induced subgraphs.
The notion of a Ramsey number may be defined in terms of independent
sets in graphs. The classical Ramsey number r(m,n) is the smallest integer
p such that in every two-coloring (R,B) of the edges of Kp, β(B) ≥ m or
β(R) ≥ n. This definition has been generalised in many ways. Five general-
isations that arose during the period 1989–2011 involve the so-called upper
domination number and the irredundance number of a graph - parameters
that are closely related to the independence number of a graph. The follow-
ing five so-called nonclassical Ramsey numbers have previously been studied
in the literature:
• The irredundant Ramsey number s(m,n) is the smallest integer p such
that in every two–coloring (R,B) of the edges of Kp, IR(B) ≥ m or
IR(R) ≥ n.
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• The irredundant–domination Ramsey number w(m,n) is the smallest
integer p such that in every two–coloring (R,B) of the edges of Kp,
IR(B) ≥ m or Γ(R) ≥ n.
• The mixed irredundant Ramsey number t(m,n) is the smallest integer p
such that in every two–coloring (R,B) of the edges of Kp, IR(B) ≥ m
or β(R) ≥ n.
• The upper domination Ramsey number u(m,n) is the smallest integer
p such that in every two–coloring (R,B) of the edges of Kp, Γ(B) ≥ m
or Γ(R) ≥ n.
• The mixed domination Ramsey number v(m,n) is the smallest integer
p such that in every two–coloring (R,B) of the edges of Kp, Γ(B) ≥ m
or β(R) ≥ n.
It follows from Theorem 1 that for all m and n,
s(m,n) ≤ w(m,n) ≤ u(m,n) ≤ v(m,n) ≤ r(m,n)
and
s(m,n) ≤ w(m,n) ≤ t(m,n) ≤ v(m,n) ≤ r(m,n)
- it is possible that u(m,n) and t(m,n) are not related.
For any integer q < v(m,n), a red-blue edge coloring (R,B) of the com-
plete graph Kq for which Γ(B) < m and β(R) < n is called an avoidance
v(m,n, q)-coloring. Furthermore, an avoidance v(m,n, q)-coloring is said to
be extremal if q = v(m,n) − 1. (Extremal) avoidance r(m,n, q), t(m,n, q)
and u(m,n, q)-colorings are defined similarly.
2 Known results
A nice compact summary of what is known was presented by Burger and
van Vuuren in 2011 [2]. In this paper in table 5, known results on s(m,n),
u(m,n), t(m,n), v(m,n) and r(m,n) with appropriate extremal avoidance
colorings are summarised. In 2014 Burger, Hattingh and Vuuren proved the
next two values, namely t(3, 7) = 18 and t(3, 8) = 22 [3]. Finally, in 2016
Burger and van Vuuren established two last numbers, namely s(3, 8) = 21
and w(3, 8) = 21 [4].
We shall need the following result by Henning and Oellermann [7].
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Lemma 2 ([7]) Let G be a graph satisfying Γ(G) ≤ 2 and IR(G) = k,
where k ≥ 3. Then G contains Kk+1,k+1 −M as an induced subgraph, where
M is a matching of cardinality k.
3 New results
3.1 v(3, n) = t(3, n)
First we prove the following general implication.
Theorem 3 For all h ≥ 3, v(3, n) = t(3, n).
Proof. From the inequality v(m,n) ≥ t(m,n), we have the lower bound
v(3, n) ≥ t(3, n).
In order to establish the upper bound on v(3, n), we show by contradiction
that no avoidance v(3, n, t(3, n))-coloring exists. Suppose, to the contrary,
that such a coloring indeed exists. For this coloring we have Γ(B) ≤ 2 and
β(B) ≤ n − 1. This is followed by a value of t(3, h) that in fact IR(B) =
x ≥ 3, Γ(B) = β(B) = 2. By Lemma 2 the red subgraph of such coloring
contains H = Kx+1,x+1−M as an induced subgraph, where M is a matching
of cardinality x. H contains H ′ = K3,3 − M
′, where M ′ is a matching of
cardinality 3. To avoid a red triangle, two subgraphs induced by the vertices
of the partite sets of the bipartite graph H ′ have only blue edges, so we
obtain an induced red C6. Now, we can use the characterization of the upper
domination perfect graphs in terms of forbidden induced subgraphs - see
Theorem 2.2 in [6]. Since the complement of an induced red C6 is a graph
G1 from this Theorem, we obtain that the blue subgraph of an avoidance
v(3, n, t(3, n))-coloring is not upper domination perfect and Γ(B) > β(B) =
2, a contradiction. ✷
An immediate consequence of Theorem 3 and t(3, 7) = 18, t(3, 8) = 22
[3] now follows.
Corollary 4 v(3, 7) = 18 and v(3, 8) = 22.
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3.2 u(3, 7) = 18 and u(3, 8) = 21.
As an immediate consequence of Corollary 4, we have that u(3, 7) ≤ 18. On
the other hand, we know that s(3, 7) = 18 (see ref. in [3]). Hence, we have
the following result.
Corollary 5 u(3, 7) = 18.
By Corollary 4, v(3, 8) = 22. Since s(3, 8) = 21 [4] and s(m,n) ≤
u(m,n) ≤ v(m,n), we obtain that 21 ≤ u(3, 8) ≤ 22. We have the following
result which improves this inequality.
Theorem 6 u(3, 8) = 21.
Proof. We have the lower bound u(3, 8) ≥ 21. In order to establish the upper
bound on u(3, 8), we show that no avoidance u(3, 8, 21)-coloring exists.
We know that t(3, 8) = 22 [3] and there are only three pairwise non-
isomorphic extremal t(3, 8, 21)-colorings presented in Figure 11 in [4]. For
these colorings, IR(B) ≤ 2 and β(R) ≤ 7. This is followed by a value of
t(3, 7) = 18 [3] that in fact, for these colorings, β(R) = 7. Now, we can
use the characterization of the upper domination perfect graphs in terms of
forbidden induced subgraphs - see Theorem 2.2 in [6]. Since all red graphsH1,
H2, H3 from Figure 11 in [4] contain a G2 from this Theorem, we obtain that
these red graphs are not upper domination perfect and Γ(R) > β(B) = 7, so
these three colorings are not avoidance u(3, 8, 21)-colorings.
For the remaining edge 2-colorings of K21, we have that IR(B) ≥ 3 or
Γ(R) ≥ β(R) ≥ 8. By Corollary 4, v(3, 7) = 18. Hence we need only
consider the case IR(B) = m ≥ 3, Γ(B) = β(B) = 2 and β(R) = 7. By
Lemma 2 the red subgraph of such coloring contains H = Km+1,m+1 −M as
an induced subgraph, where M is a matching of cardinality m. H contains
H ′ = K3,3 −M
′, where M ′ is a matching of cardinality 3. To avoid a red
triangle, two subgraphs induced by the vertices of the partite sets of the
bipartite graph H ′ have only blue edges, so we obtain an induced red C6.
Now, we can use the characterization of the upper domination perfect graphs
in terms of forbidden induced subgraphs - see Theorem 2.2 in [6]. Since the
complement of an induced red C6 is a graph G1 from this Theorem, we
obtain that the blue subgraph of these now considered colorings are not
upper domination perfect and Γ(B) > β(B) = 2, a contradiction.
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These all of the above considerations lead us to the conclusion that there
is no an avoidance u(3, 8, 21)-coloring, and the proof is complete.
✷
3.3 w(7, 3) = 18 and w(8, 3) = 21
Immediately from the definition of the irredundant Ramsey number s(m,n)
and the upper domination Ramsey number u(m,n) we have:
Corollary 7 s(7, 3) = u(7, 3) = 18.
and
Corollary 8 s(8, 3) = u(8, 3) = 21.
As an immediate consequence of Corollary 7 and Corollary 8 and the
inequality s(m,n) ≤ w(m,n) ≤ u(m,n), we have the following result:
Corollary 9 w(7, 3) = 18 and w(8, 3) = 21.
Previous work by others (details and references can be found in [2, 4]),
Theorem 6, Corollaries 4, 5, 9, give the values of nonclassical Ramsey num-
bers which are listed in the following table. We use bold style to denote the
new bounds of this paper.
s(m,n) w(m,n) u(m,n) t(m, n) v(m, n) r(m,n)
s(3, 3) = 6 w(3, 3) = 6 u(3, 3) = 6 t(3, 3) = 6 v(3, 3) = 6 r(3, 3) = 6
s(3, 4) = 8 w(3, 4) = 8 u(3, 4) = 8 t(3, 4) = 9 v(3, 4) = 9 r(3, 4) = 9
s(4, 3) = 8 w(4, 3) = 6 u(4, 3) = 8 t(4, 3) = 8 v(4, 3) = 8 r(4, 3) = 9
s(3, 5) = 12 w(3, 5) = 12 u(3, 5) = 12 t(3, 5) = 12 v(3, 5) = 12 r(3, 5) = 14
s(5, 3) = 12 w(5, 3) = 12 u(5, 3) = 12 t(5, 3) = 13 v(5, 3) = 13 r(5, 3) = 14
s(3, 6) = 15 w(3, 6) = 15 u(3, 6) = 15 t(3, 6) = 15 v(3, 6) = 15 r(3, 6) = 18
s(6, 3) = 15 w(6, 3) = 15 u(6, 3) = 15 t(6, 3) = 15 v(6, 3) = 15 r(6, 3) = 18
s(3, 7) = 18 w(3, 7) = 18 u(3,7)=18 t(3, 7) = 18 v(3,7)=18 r(3, 7) = 23
s(7, 3) = 18 w(7,3)=18 u(7,3)=18 18 ≤ t(7, 3) ≤ 23 18 ≤ v(7, 3) ≤ 23 r(7, 3) = 23
s(3, 8) = 21 w(3, 8) = 21 u(3,8)=21 t(3, 8) = 22 v(3,8)=22 r(3, 8) = 28
s(8, 3) = 21 w(8,3)=21 u(8,3)=21 21 ≤ t(8, 3) ≤ 28 21 ≤ v(8, 3) ≤ 28 r(8, 3) = 28
s(4, 4) = 13 w(4, 4) = 13 u(4, 4) = 13 t(4, 4) = 14 v(4, 4) = 14 r(3, 4) = 18
Table 1: All known values for nonclassical Ramsey numbers
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4 Conclusion
In this paper we established the six new nonclassical Ramsey numbers. Using
the properties of these numbers and the values in Table 1 it follows that the
first open cases of t(m,n) and v(m,n) are now t(7, 3) and v(7, 3), respectively.
In fact, there are the four smallest unknown Ramsey numbers involving the
graph theoretic notion of domination, and are certainly worthy of further
investigation.
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